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AND SUBSET SELECTION*

I. C. F. IPSENt, C. T. KELLEY', AND S. R. POPE?

Abstract. We examine the local convergence of the Levenberg—Marquardt method for the
solution of nonlinear least squares problems that are rank-deficient and have nonzero residual. We
show that replacing the Jacobian by a truncated singular value decomposition can be numerically
unstable. We recommend instead the use of subset selection. We corroborate our recommendations
by perturbation analyses and numerical experiments.
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1. Introduction. The purpose of this paper is to show how the accuracy of the
Levenberg-Marquardt trust-region algorithm for nonlinear least squares problems can
be compromised if the numerical rank of the Jacobians is ill-defined and if there are
errors in the evaluations of residuals and Jacobians. We argue that the accepted prac-
tice of replacing a rank-deficient Jacobian by a truncated singular value decomposition
(SVD) should be discontinued because the truncated SVD is numerically unstable,
that is, it can produce a unnecessary loss of accuracy due to the computation of sen-
sitive singular vectors. Instead we recommend that the list of variables be pruned by
selecting a judiciously chosen set of columns of the Jacobian from a subset selection
method.

Our paper is motivated by applications to cardiovascular modeling [7, 10, 17, 18].
In this application the model parameters were nonlinearly dependent, and the model
was complicated enough so that dependency could not be eliminated analytically. This
dependency was the cause of rank-deficiency. The resulting nonlinear least squares
problem was rank-deficient and a truncated SVD failed to solve the problem. However,
subset selection methods succeeded. We present perturbation analyses to explain
these observations.

1.1. The problem. The unconstrained nonlinear least squares problem for a
function R : RM — RY with M > N is

(1) win f(p),  where f(p) = 3 R(p)"R() = 5| R(D)|*

Here the superscript 7' denotes the transpose and || - || the Euclidean norm.
One way to solve nonlinear least squares problems is by a Gauss—Newton method.
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Let J be the Jacobian of R and denote the gradient of f by

(1.2) 9(p) = Vf(p) = J(p)" R(p).

Given a current approximation p. to a solution p*, a Gauss—Newton iteration com-
putes a new approximation p; from

P =pe — (T(0) " T(p)) " g(pe).

Assume that J(p*) has full column rank. If the residual is zero, i.e., R(p*) = 0,
and p, is close enough to p*, then [13] the Gauss—Newton iteration converges locally
g-quadratically to p*,

lp+ = »*ll = O (llpe = 2*11?) -

If the residual is nonzero but small, and p. is close to p*, then the Gauss—Newton
iteration still converges fast for sufficiently small f(p*), because

lp+ = »*l = O (llpe = 2" 1> + | R@) llpe = 2*1) -

However, if p. is far from p*, then the Gauss—Newton method may not converge. The
Levenberg—Marquardt iteration is one way to obtain convergence from points that are
far from p*.

In this paper we are concerned with the local convergence of the Levenberg—
Marquardt algorithm for small residual problems where, in addition, the Jacobian is
rank-deficient. By “small residual” we mean that there exists a point p*, which is not
necessarily unique, such that f(p*) is small enough for the Gauss—Newton iteration to
converge rapidly. By “local convergence” we mean that the initial iterate is near p*.

There are classical results on convergence of Gauss—Newton methods and related
iterations for nonlinear problems with rank-deficient Jacobians [1, 2, 6, 13, 19]. For
instance, if J is Lipschitz continuous and has constant rank, and if the initial iterate
is near the manifold of solutions, then the iteration

(1.3) P+ =pe — J(pe) R(pe)

converges, in exact arithmetic, to a solution of the nonlinear least squares problem.
Here J(p.)" is the Moore—Penrose inverse [3] of J(p.). One can globalize the iteration
with, for example, continuation methods [2, 23, 24] or a line search [19].

1.2. Overview. In section 2 we present our assumptions and derive convergence
results in exact arithmetic. We extend the results of [1, 2] to show how the standard
[5, 13] approach to managing the Levenberg parameter is still effective in the rank-
deficient, small-residual case in exact arithmetic. In section 3 we the discuss the finite
precision computation of the Levenberg—Marquardt trial step, by means of truncated
SVD and subset selection. A numerical example in section 4 concludes the paper.

2. Convergence of the Levenberg—Marquardt algorithm in exact arith-
metic. We start with a brief description of the Levenberg—Marquardt iteration in
section 2.1, and in section 2.2 we present the assumptions for our analysis. Then we
show in section 2.3 that if the initial iterate is in a certain set containing the solution
manifold, then the Levenberg—Marquardt parameter is bounded and the iterates con-
verge to the solution manifold. In section 2.4 we show that if the residual is sufficiently
small, then the iterates converge to a point in the solution manifold.
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2.1. A typical Levenberg—Marquardt iteration. The Levenberg—Marquardt
algorithm [14, 15] method updates a current approximation p. by computing a trial
step

st == (WI+J(pe)"T(pe) " g(pe)

and testing a trial solution

Pt = Pc + St

to determine how well the local quadratic model

me(p) = F(pe) + 90" (0~ pe) + 50— o) (T + T T0)) (0~ o)

approximates f. One does this by comparing the actual reduction

ared = f(pe) — f(pt)

with the predicted reduction, i.e., the reduction in the quadratic model

pred = me(pe) — me(pt) = f(pe) — me(pt) = —Vf(pc)Tst/Q.

If the approximation is good, then p; is accepted as the new point p, otherwise the
Levenberg parameter v is increased and p; is recomputed. In the rank-deficient case,
s¢ is the minimum norm solution of the linearized problem if v = 0.

Algorithm levmar_step below represents a single iteration in a typical trust-
region based Levenberg-Marquardt implementation; see [4, 5, 13]. The algorithm
manages the transition from a current point p. to the new point p; and controls the
increase or decrease of the Levenberg parameter v. The following parameters control
the iteration:

0 < Wdown <1 < wyp, vo 20, and 0 < po < priow < phigh < 1.
Typical values, which we use in the numerical results in section 4, are

(2.1) o =10"% fow = 1/4,  pnigh = 3/4, Wdown = 1/2, and  wy, = 2.

ALGORITHM. levmar_step(pe, pt, P+, f, V)
1. z2=p.
2. Do while z = p,
(a) ared = f(pe) — f(pt), st = Pt — pe, pred = =V f(pe)"s:/2
(b) If ared/pred < po, then set z = p., v = max(wypV, Vy), and recompute
the trial point with the new value of v.
(¢) If po < ared/pred < piow, then set z = py and v = max(wypv, Vo).
(d) If piow < ared/pred, then set z = p;.
If pnigh < ared/pred, then set v = wyownV.
If v < vy, then set v = 0.
3. py =2z

The ratio p = ared/pred controls the Levenberg parameter v. As long as either
v >0, or else v =0 and J(p.) has full column rank, we have

pred= 21" Rpe)) 01 + J(p0) T (pe)) T (0e) Rlpe) > 0.
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Hence p < 0 means that the step produced a decrease in f, which is a clear indicator
that the model is poor. Even if p > 0, a small value implies that the model cannot be
trusted to give good results, so the standard response is to reject the new point and
increase the Levenberg parameter. Increasing the Levenberg parameter v increases
the singular values of the model Hessian and reduces the size of s;, both of which
will improve the quality of the model. Decreasing the Levenberg parameter v if p
is close to 1 is important for fast convergence. In the small-residual case of interest
in this paper, one would like a method that approaches the fast convergence of the
Gauss—Newton iteration for the full-rank case. In the Algorithm levmar_step, for
example, v is set to zero when it is sufficiently small.

2.2. Assumptions. The rank-deficient problems in which we are interested have
a special structure: We seek to fit N model parameters, but the effects of these
parameters are not independent. By this we mean that there is a map B : RM — R¥,
with & < N so that the model depends on the output of B. In [7, 17, 18] we treated
the models as if they had this property and the numerical results were consistent with
our examples in this paper.

To formalize this we assume that R can be decomposed as

(2:2) R(p) = R(B(p)),

where the Jacobian R’ : R¥ — RM has full column rank k and B’ has full row rank k.
The decomposition will be needed only in one part of the analysis and is never used
in computation. We also assume, for simplicity, that

o1 e~
=-R"R
I=3

has a unique minimizer b* € R*. Hence the minimum value f* of f is the same as

f(b*). We will analyze the convergence of the Levenberg—Marquardt iteration near
the solution manifold

Z={plflp)=f"}={p|Blp) =0b"}.

If the residual is zero and J has full rank k& = N, then Z consists of isolated points.
We let

R* = R(b*)
so that f* = 1(R*)TR*.
The trial steps in the Levenberg—Marquardt algorithm now have the more general
form

(2.3) si=— (I +J(p) T (pe) g(pe).

The following assumptions were motivated by the applications in 7, 18]. These are
somewhat stronger than the standard assumptions for convergence of the Levenberg—
Marquardt algorithm for full-rank problems and also stronger than those for the
classical results. We use them in many ways in our convergence proof for the rank-
deficient case of interest in this paper.

Assumption 2.1. There is § > 0 such that in the set

Zs =A{p|llp—p*|| <6 for some p* € Z }

the following conditions are satisfied:
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1. B and R are uniformly Lipschitz continuously differentiable,

2. minygz, ||g(p)|| > 0 for all 6 > 0,

3. the k singular values of B’ are uniformly bounded away from zero,

4. the k singular values of the Jacobian of R are uniformly bounded away from

zero, and
5. the optimal value of f is small, but not necessarily zero.
Because k < N < M, Assumption 2.1 implies that J(p) has rank &k < N for

all p. Assumption 2.1 also implies that J is Lipschitz continuous. Let v denote the
Lipschitz constant of J, so that

(2.4) [J(p1) — J(p2)Il < 7llp1 — p2ll-

At last, Assumption 2.1 implies that the k nonzero singular values of J are bounded
from above and below in Z5. Let &1 and &5 denote upper and lower bounds for these
singular values, and define for v > 0,

ag

(2.5) n(v) = max ———s.
In section 2.3 we show that the Levenberg parameter remains bounded, even in
the rank-deficient case. Then we show that if the norm of the residual is sufficiently
small, the Levenberg—Marquardt iteration converges locally g¢-linearly to a point on
the set Z.
As in [13] we define

d(p) = min ||z - p||.

The following lemma below expresses the trial step (2.3) in terms of the error at
the current point.

LEMMA 2.1. Let § be small enough so that Assumption 2.1 holds in Zs. Let
pe € Z5, and let p* be a point in Z closest to p. so that

d(pe) = |lecll, where e, = p, — p*.
Then for all v > 0,
(2.6) s = —(WI+ J(pe)T T(pe)) T (pe)T T (pe)ec + As,
where
ynw IR
(2.7 81 < P et + D e,

Proof. With (1.2) we can express (2.3) as

(2.8) st =— (I + J(p) T (pe)) " T(pe) " Ripe).

First consider R(p.). As is standard, we combine Taylor’s theorem, the fundamental
theorem of calculus, and (2.4) to obtain

1
(2.9) R(p.) = R(p*) + / J(p* +tec)e.dt = R* + J(pc)ec + Ag,
0
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where

Ap— /O (J(p* + teo) — J(pe))ee dt

and

1
g
[AR[l < 7|\6c||2/O (1=t)dt = flecl|”.

Now consider the Moore—Penrose inverse in (2.8). With P being the orthogonal
projector onto the range of J(p.)?, we can write

— (L + I ()T (pe) T(pe)T = = (WL + T ()T (pe)) PI (o)
and abbreviate
D) = (vI +J(pe)" I (po)) ' P.
Putting this abbreviation and the Taylor expansion (2.9) into (2.8) gives

s, = —D(I/)J(pc)TR(pc) — _D(V)J(pc)T [R* + J(pc)ec + AR]
= —DW)J(pc)" J(pe)ec + Asg,

where
Ag=—D()J(pc)" [R* + AR].

This proves the expansion for s; in (2.6).
We still need to show the bound for Ag in (2.7). Inserting J(p*)TR* = J(p*)T
R(p*) = g(p*) = 0 into the above expression for Ag yields

As ==D) (J(pe) = J(p")" R* = D) (pe)" A

1
v+57 "

Due to the presence of P in the expression for D(v) we have ||D(v)]| < Hence

Vel
v+ a7

ID@)(J(pe) = J ()" < and  [D@)J(pe)" || <n(v). D

2.3. The iterates approach the solution manifold. We show that for suf-
ficiently small residuals and Levenberg—Marquardt iterates sufficiently close to the
solution manifold, the Levenberg-Marquardt parameter v remains bounded. The
boundedness of v, which we prove in Theorem 2.2, eliminates a failure mode from the
iteration and implies that we will always find an acceptable step after at most finitely
many changes to v. This implies that the search for an acceptable step s, = pn+1—pn
will succeed and hence the sequence {p,} is infinite. We will use this to show that
d(pn) — 0, which implies that the iterates {p,} approach the solution manifold Z.

THEOREM 2.2. Let Assumption 2.1 hold. There are §g > 0, r* > 0, and Vypaz > 0
such that if 6 < g, pe € Zs, ||R*|| < r*, and v > Vinay, then

ared > ppignpred.
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Hence if the Levenberg-Marquardt iterates satisfy {pn,} C Zs, then the Levenberg—
Marquardt parameters satisfy

lim sup v, < WypVmaz-

Proof. Let 0 be small enough so that Assumption 2.1 holds in Z;5. Taylor’s
theorem implies

(2.10) R(p) = R(pe) + J(pe)se + A%, where  [|A%] < %||st||2.

Taking norms and squaring gives

(2.11) [R(pe)|I* = |R(pe)lI” + s{ J(pe)" T (pe) st + 257 g(pe) + Dpreas
where

T
(2.12) Aprea =2 (R(pe) + J(pe)Ts1) " A% + [|AG].

With (1.1) we can express (2.11) as

1 Apre
(2.13) ared = —gs;‘FJ(pc)TJ(pc)st — 5T g(pe) — pTd.
We simplify the first two summands by noting that
L7
pred = — 55t 9(pe)
1 v 1
= 35T (VT + 0TI (00)) 50 = Sllsell® + 357 T0e) ™ (pe)se
so that
A e
ared = pred + g||$t||2 — —p2 4

For the expression Ap.q in (2.12) we seek an estimate of the form
(2.14) |Apred| S Y [Cp'red5 + HR*”] ”815”2'

To this end, we combine
1
1R = HR o dtH < IR + auled
0

with [lec|| <6, ||J(pe)T s¢|| < &1|s¢]|, and (2.10) to conclude

T
2 (R(pe) + J(pe)"se) A% < v[(@10 + [|R*])) + aullsell] l1sell*.

We substitute this into (2.12) and obtain
- * gl
(215) (Bpreal <5 [31 (el +8) + 1R + Llsel?] sl
Next we bound ||s¢||. From Lemma 2.1 and

[T+ 70T 7w) T T (b

< leell
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follows

g g *
(2.16) Jsel < lecl (1+ 3020+ 71771

Let 8 > 0 and assume, by reducing § if necessary, that the first interesting term in
(2.16) is bounded by

1) <.

This will certainly be the case if § < g = 285/, as then

v orn(v
Lo < s < 5
For the second interesting term in (2.16) we assume ||R*|| < 7* = 367 /7, so that

i
v+ o7

IR < 5.

Since both interesting terms in (2.16) are bounded above by 3, and ||e.|| < J, we get
l[sell < (1 +28)lec]| < (1 +25)3.

Using the above bound for the terms in (2.15) yields
(2.17) illsll <o(1+28)5  and  Sflsi? < (1 +28)%”.

Reducing § again if needed so that

1

o< y(1+28)

and adding the terms in (2.17) gives
aillsell+ Tllsol < (14 1) (1 +28).
Putting this into (2.15) completes the derivation of (2.14) with
Cpreda = 01+ (1 +26)(1 + 71).

Now that we have established the validity of the bound (2.14), we can substitute it
into (2.13),

2
ared > pred + @ (v — 7 [Cpread + || R*]]) -

If we assume that v > Ve = V(Cpread + ||R*||), as well as ppign = 3/4 from (2.1),
we can finally conclude that ared > pred > pnignpred. This proves the first assertion.

As for the second assertion, ared > pipignpred implies that condition 2(d) in Al-
gorithm levmar_step is fulfilled and v is reduced t0 wyownv. From this and steps 2(b)
and 2(c) we conclude that if v is ever increased beyond V4, it will be reduced. Hence
vV < WupVmaz- 0
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The boundedness of the Levenberg—Marquardt parameters v allows us to show be-
low that the Levenberg-Marquardt iterates approach the solution manifold, provided
they are sufficiently close to start with.

COROLLARY 2.3. Let pg > 0 and let the assumptions of Theorem 2.2 hold. Then
there exists 6 < &g so that if pg € 25, then all subsequent Levenberg—Marquardt iterates
{pn} remain in Zs, and d(p,) — 0.

Proof. Assume that the iterates are close enough to a minimum. That is, let
€ > 0 be small enough so that

E=A{plIIRM)| < B[ + €} C Z5,,

and let § be small enough so that Z5 C £. Since ared > 0 for all accepted trial steps,
the function values f(p,) = ||[R(p»)|?/2 are nonincreasing. Hence the iterates {p,}
remain in £ C Zs,.

Moreover, since vy, < Vpmq, by Theorem 2.2, each acceptable step s, must satisfy

f(on) — f(pn+1) = ared > popred

= —1109(Prn) " s = 1109(pn) (vl + J(pn)TJ(pn))T 9(pn)
llg(px)|I?

> MO 5 -
Vinaz + 0%

Therefore ||g(pn)|| — 0 and part 2 of Assumption 2.1 implies d(p,) — 0. O

2.4. The iterates converge. Corollary 2.3 gives conditions under which
d(p,) — 0 so that the Levenberg-Marquardt iterates {p,} approach the solution
manifold Z. However, this does not imply that the iterates {p,} actually converge to
a point in Z, nor does p. € Zs imply that p, € Zs.

To prove this we will show that for all p. with d(p.) sufficiently small there is
a < 1 such that if p* € Z and ||p. — p*|| = d(p.), then

(2.18) d(pe) < llpe = p* || < allpe — p*|| = ad(pe).

If indeed (2.18) holds, then

(2.19)  lpe = pell < llpe = p* Il + llpe — P71l < (L + @)lpe — p*[| = (1 + a)d(pe).-
Combining (2.18) and (2.19) yields

(2.20) I = Pl < (1 + @)d(pn—1) < 22" d(po).

Therefore {p,} is a Cauchy sequence and must converge to a point p. € Z.
We need a technical lemma to prove convergence. The lemma shows that if
llpe = p*|| = d(pc), then p. — p* has only a small contribution in the null space of

J(pe)-
LEMMA 2.4. Let Assumption 2.1 hold, let P be the orthogonal projection onto the
range of J(pe)", and let ||pe — p*|| = d(pc), then

(I = P)(pe — p*) = Od(p.)*?).
Proof. Tt suffices to show that there is ¢* € Z such that

¢" =p"+0(dp:)’) and (I —P)(pe—q") = Od(pe)*’?).
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If there is indeed such a ¢*, then with e. = p. — p* and d(p.) = ||e.|| we obtain
(I = Plec = (I = P)(pe — ) + O(d(p)*) = Od(pc)*'?),

as asserted. ~
From R(p.) = R(B(p.)) follows

J(pc) = ]‘:L’/(B(pc))B/(pc).

Hence the range of J(p.)? is contained in the range of B'(p.)?. This, in turn, implies

that the null space of B'(p.) is contained in the null space of J(p.) which is equal to
the range of I — P; hence

(2.21) B'(pe)(I —P) =0.
To see that ¢* exists define a map G : R* — R* by
G(o) = B(p. — Pec + Vio) — b",

where V] is an orthonormal basis for the range of J(p.)?, so that P = V3 VL.
Expanding the first term in the expression for G(o) gives

(222)  B(po—Per) = By + (I - Plec) = B(p*) + B'(p")(I — Plec + B},
where

B B
|BEI < Fllecl” = Fd(pe)?

and g is the Lipschitz constant of B’. Further expanding the second term on the
right-hand side of (2.22) gives

B'(p)(I ~Plec = B'(p)(I = Plec+ Ep,  where [|ER] < T2d(p.)”.

Since B'(p.)(I —P)e. = 0 from (2.21), we obtain B’(p*)(I — P)e. = E%. Substituting
this into (2.22) gives

G(0) = B(pe — Pec) —b" = B(p* + (I — P)ec) — B(p*)

= Ep + Ej = 0(d(pe)?).

The Kantorovich theorem [12, 16] and Assumption 2.1 imply that there is a
solution o* of G(o) = 0 with ||o*|| = O(d(p.)?). Setting

q" =pc—Plec) +Vio™ =pc + P(p* — pe) + Vio”
implies that B(¢*) = b* and hence ¢* € Z, as well as
I—=P)(pc—q")=—-Vio".
Since PV; = Vi, the last equality implies that

(I =P)(p.—q") =0.
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Hence we have shown that there exists a ¢* € Z so that (I — P)(p. — ¢*) = 0.
It remains to show that ¢* — p* = O(d(p.)?). From ¢* = p* + (I — P)e. + Vio*
and ||o*|| = O(d(p.)?) follows

Plg" —p*) = PVio™ = O(d(p.)?).
The theorem of Pythagoras then implies
lg* =271 = 1T = P)(g" = p*)II* + I P(¢" = p")II* = (1 = P)(g" = p")II” + O(d(pe)*)-
To bound |[(I — P)(¢* — p*)|| we observe that (I — P)(q¢* — p*) = (I — P)e.. Using
this in
[Pecl® + (1 = Pecl” = d(pe)? < llpe — 4"
gives
11 =P)@™ = p)* = (I = Plecll® < llpe — ¢"[|* = [ Pec]|*.
Writing p. — ¢* = Pe. + Vio™* gives

I =P)(q" = p)I* < [Pec+ Vao™ | = [Pecll® < 2| Pecll[[Vio™|| + [[Vio™|*
= O(d(pc)*) + O(d(pe)*) = O(d(pe)?),

which completes the proof. 0

The theorem below exploits the fact that the error has a small enough contribu-
tion in the null space of the Jacobian, so that the nonzero singular values of the Jaco-
bian mitigate the potential ill-conditioning caused by a small Levenberg—Marquardt
parameter v.

THEOREM 2.5. Let the assumptions of Theorem 2.2 hold. Let ||ps — pc|l = d(pe),
then (2.18) holds, that is,

(2.23) d(p:) < ad(p.) for some o € (0,1).
Proof. Lemma 2.1 implies that
st = —=D(W)J(pe)" I (pe)ec + As,
where D(v) = (vI + J(pc)TJ(pc))T P, ec=pc—p*, and

22 s <o (Uhioy + BEL ) et <o (Sn00 + 25 ) o)

v+ o0}, v+ o0y
Since P is the orthogonal projector onto the range of J(p.)”,
st = —D(v)J(pe)T J(pe)Pee + As.
Let p; = p. + s¢ and e; = p; — p*. Then the expression for s; implies
€t = €.+ S =€, — D(I/)J(pc)TJ(pc)Pec + Ag.
Partitioning e. = (I — P)e. + Pe. gives

er = (I —Plec+ [I — D(v)J(pe)" J(pc)] Pec + As.
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From
[1 = D) (pe)"J (pe)] Pec = v (vI + J(pe)T I (pe)) P
follows
et = (I —Plec+v (vl + J(pc)TJ(pc))T Pe.+ As.

Bounding this gives

v
< < — - .
) < Nl < 10 = Phecl + 5= =5 Pecl + 145

Lemma 2.4 implies ||(I — P)e.|| < Ck|lec||>/? for some constant Cy, hence

d(p) < Cllecl’’? + 5z IPecll + [As]

v+563
(2.25)
1/2 v
< (Cuty/ + g2 ) el + | As .

Vmaz+02

Substituting ||e.|| = d(p.) and the above bound for ||Ag|| gives

Vmax 50 r
i) = [ 4 52 o () + i ) o

Hence, d(p:) < ad(p.) in (2.18) holds if

1 do r*
2.26 = oy + —er 2 —— <1 O
(2.26) e B 277(V)+V+5i
One can extract convergence rate estimates from Theorem 2.5 and its proof. The
results above imply that the trial step will be accepted for some v < vp,4, and then
p+ = pt. Therefore d(p,) converges g-linearly to zero in the small residual case. The
middle inequalities in (2.24) and (2.25) imply that if * = 0 and v,, — 0, then

(2.27) d(pnt1) = o(d(pn)),

and hence d(p,) will converge to zero g-superlinearly in that case. The estimates
(2.23) and (2.27) imply r-linear or r-superlinear convergence of p,, to some p, € Z.
We will state this as a formal corollary.

COROLLARY 2.6. Let the assumptions of Theorem 2.5 hold. Let o € (0,1) be the
constant from (2.23), and let poo be the limit of the Levenberg—Marquardt sequence
{pn}. Then

14+«
11—«

||pn _poo” < d(pn)a

and hence p, — poo T-linearly. Moreover the convergence is r-superlinear if (2.27)
holds.
Proof. We begin with (2.20), which together with (2.23) implies that

o =Pl < 2202 P — pell < (14 a) 3202, d(pr)

< (L+a)d(pn) 3232, d(pr)/d(pn) < 1E2d(pn),

as asserted. a
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3. Computing the trial step in finite precision. We analyze two methods
for computing the trial step s; (2.3) in finite precision: truncated SVD and subset
selection. We show that computing s; via a truncated SVD may not be accurate if the
numerical rank of the Jacobian J(p.) is not well defined. Note that if the Jacobian
has less than full column rank, then a perturbation can not only decrease the rank
but also increase it.

Abbreviate

J = J(pe), R = R(p.), 5 = s¢,
where J is M x N with M > N and has rank k. As in section 2.2, we use the bounds
0<or<o0; <01

for the k£ nonzero singular values o; of J. The exact Levenberg—Marquardt trial step
is
s=—@I+J7)) JR.
To put things in perspective, we first analyze the ordinary Levenberg—Marquardt
algorithm, where the matrix vI + J7'.J is nonsingular.

3.1. Full-rank case. We assume that vI + JTJ is nonsingular, and denote
the perturbed Jacobian by J = J + E, where vI 4+ JTJ is also nonsingular. The
corresponding computed trial step is

F=— (yI+JTJ)_1 JTR.

We show below that the difference ||§ — s|| can be bounded by a multiple of ||E||,
and that the nonlinear residual can amplify the ill-conditioning of J. However, a large
value of v can dampen the influence of the nonlinear residual.

THEOREM 3.1. If J and J = J + E have full column rank k = N and v > 0, or
if v >0, then

R
s—s||<[ sl + } 1]l

Proof. Let us define s = —s and § = —5. Then s solves the full-rank least squares
problem

. J R
H;IHHAZIJ—bH, where A= (\/DI) , b= <0) ;

so that s = ATh. Similarly, § = (A + F)'b is the solution of the full-rank problem

min[[(A+ F)z —bl|,  where F:(Jg)

with residual » = (A+ F')§ —b. We derive the perturbation bound as in [11, Fact 5.14]
by observing that (A + F)Tr = 0 because the residual is orthogonal to the column
space. Hence ATr = —FTr. Multiply by (AT A)~! to obtain

—(ATA) ' FTr = (ATA) AT r = Afr = AT (A4 F)5—b) =5 — s+ ATF3.
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Hence
15— sl < [[ATF[|||3]| + | (AT A)~HIIF .
Now write
AT = I+ JT) " JTE, (ATA) = (vl +J70)

and FTr = FT [ — (A4 F)(A+ F)'] b. Since I — (A+ F)(A+ F)" is an orthogonal
projector, ||r|| < [|b]|. Hence

15 = sll < {I@L + 7D IS+ I+ T D) HIRIG (£

The result now follows from ||(vI + JTJ)"YJT|| < v(n) and ||(vI + JTJ)7Y| <
1/(v+353). a

3.2. Truncated SVD. We consider the case when vI + J7.J can be singular.
Let the M x N Jacobian J with M > N have rank k, and denote its thin SVD by

J = (Ul Ugl) (201 8) (Vl ‘/Q)T = UlzlvlTa

where the M x N matrix (U; Usp) has orthonormal columns, the N x N matrix
(Vi Va) is an orthogonal matrix, and the k x k diagonal matrix 3; contains the
nonzero singular values. In particular, (31)4; > k.

Let the SVD of the perturbed matrix be

J+E= (07 Un) (2(3)1 2?2) (h )"
where the kx k matrix 1 contains the largest singular values, and the (N —k)x (N —k)
matrix flg contains the smallest singular values. The M x N matrix (Ul Ugl) has
orthonormal columns, and the N x N matrix (‘71 ‘72) is orthogonal.
We compute the SVD of the perturbed matrix J+ F, then truncate it by setting
the N — k smallest singular values to zero. The resulting matrix is

J=U,2V7,
and from this we compute the trial step,
§=—wI+J')IJTR.

Below we bound the difference between computed and exact step in terms of || E||,
o7 + v, and n(v) as defined in (2.5). The bound implies that the computed step is
close to the exact step, if the computed singular vectors are accurate, if the Jacobian
is far from being rank-deficient, and if the nonlinear residual is small.

THEOREM 3.2. If the rank of J is k < N, if v > 0, and if

2

0|E||r <1, where 0=——— <
[Ele 5 — 2B

1,

then

s — 4l < [2n<u>|§|| n ( +2n(V)9> ||R||] VBl + w|[E

)
v+ 0y
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where

131l >
= 2 0°|| R||.
e T 2Rl
Proof. Choose Uy and Ugg so that
U= (Ul U21 U22) and ﬁ = (Ul 021 022)
are M x M orthogonal matrices, and set V = (‘71 ‘72) This gives the full SVDs
_ X1 0\ 7 = = (%1 0\ pr
J—U(O 0>V, J—U(0 O)V.

According to [21, section 6] there exists a (N — k) x k matrix P that rotates V'
into V,

v <Ik —PT> <(Ik + PTPp)~1/2

P In_y (In_p + PPT)1/2)

and a (M — k) x k matrix Q that rotates U into U,

pou(f @) (@R )
—Q Iy—i (Inp—i +QQT)"V2 )~

By assumption || E||r < 1, so that P and Q satisfy ||(P Q)||r < 6 [21, Theorem 6.4].
Hence [|P|| < 0||E|[r and [|Q < 0|l E] #.

Since X1 is symmetric positive definite, v + X7 is nonsingular for v > 0, so that
we can write

s—_V <C 0) UTR, with  C = (vl +37)" 'Sy

0 0
Setting
by = (I, + PTP)~1/?
" (In_y +PPT)~1/2)"
¢ — (Ik + QTQ)_l/Q
@ (In—k +QQT)~1/2
allows us to write
s=-vVVvVTiv (g 8) UTUUTR

- T -~
— —Vop (_gc _%QT) 6o UTR

- T -
=7 Jor (§ 0)oeror(_po _peqr) e UTR

Now consider the computed step §. From the assumption 6||E||r < 1 follows
g > 4|/ F||. Hence we obtain for the kth singular value of J + E,

ok 2 or — || Ell > 3[|E],
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where the first inequality follows from the well-conditioning of singular values 8,
Corollary 8.6.2]. Since 3 > 0, the matrix X; must by positive definite, so that the
computed step can be expressed as

Fi=-V <€ 8) UTR, where  C = (vl + 23713,

The expressions for s and s imply
s C 0 0 cQT C 0\] ~r
_sl(z2,02q-C 0 0 cQT .
=V [( 0 o) +or <—PC _pcqr)¢e| U,
where

Zp=(I+PTpP)~Y2 Zo=(I+QTQ)~ V2

We partition the difference § — s into two terms, where

v | (7% )| o

(3.1) I

By = ‘N/ |:¢P (_PO —POQT) ¢Q:| UTR

This leaves us to bound ||5 — s|| < ||B1]| + || B2||-
We bound ||Bs]| first, because it is easier. Using |l¢p| < 1, |l¢pgl < 1, and
IC] = n(v) in (3.1) yields

Bzl < n(w) (1P + QI+ IPIQI)-
Since ||P|| < 0] E||p and [|Q|| < 0]l E|| we obtain
(3.2) [Ball <n(v) (20 +6*|E|r) IR Erl-

Now we bound || By|. We write the (1,1) element of the middle matrix in Bj in
(3.1) as

(3.3) ZpClZo—C=C—C+ZpC(Zg—1I)+ (Zp — I)C.

We start with the term C' — C'. Singular value perturbation bounds [22, Theorem 4.11
in section IV] imply that Y1 = ¥ + D holds for some diagonal matrix D with
ID|| < ||E|| < ||E||r. This, together with the abbreviations A = vI + X2 and
B=vI+ i%, allows us to write

C=A"1%, and C=B'Yy=B"'%-B"'D.

From B~! = A=1 - B=Y(B—A)A~! [8, eq. (2.1.3)] follows for the first summand in C

I
o

B8 =C-BB-AC=C—(wI+32)"" (22{ —i:%) o

Ct (vI+53)7 (25 + D) DC = C + (20 + (I +33) 7' D) DC.
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Putting this into the above expression for C' gives
C=C+WI+%3) " (25, +D)DC - (vI+%2)7'D
—C+ (204 (vI+%3) 7' D) DC— (vI +33) " D.
In turn substituting this into (3.3) gives
ZpCZg —C = F\C + Fy,
where
Fi = (20+ (vI+33) 7' D) D,
Fy=—(wI+32) ' D+ 2,C(Zqg — 1) + (Zp — I)C.
At last we substitute this into (3.1) to obtain

_ (P N\oro(C 0\ mrp, o (F 0)p57
Bl—V(O O)V V(O O)U R+V(O O)U R.

Hence
(3.4) [ Ball < 1ELNISI+ [[E2 (R

From ||C|| = 5(v) and ||D|| < || E||r follows

£l =
||F1||§<2v(n)+ — | IEl#
v+ 5}

In order to bound ||Fy| we use the fact that (1 + 2%)71/2 —1 < 22/2 for |z| < 1.
Hence

S

el _ & IPI? _ 0 o

12 =1l < 1EIE  NZp -1 <

<

b
v |

Putting the above inequalities into the formula for Fy along with ||Zp|| < 1 gives

£l F
v+ o7

12 < +n()0°|| B %

Putting the bounds for || Fi|| and ||F:| into (3.4) gives

IRl
v+ 0}

3]

v+ 0o}

i3 < [2rotsl + L0 e + | Ly worm] 11z,
Putting this bound and (3.2) into ||§ — s|| < ||B1]| + || Bz gives the desired re-
sult. d

The first assumption in Theorem 3.2 requires that the kth singular value of J is
sufficiently large compared to the perturbation E. If that is indeed the case, then 6
indicates the accuracy of the computed singular vectors. In particular, 8 is a bound
on the tangent between the column spaces of V; and Vi, and also a bound on the
tangent between the column spaces of Uy and Uy. The quantity 6 is small if 7 > 0,
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that is, the numerical rank of J is well defined. Furthermore, the denominator of 6
can also be interpreted as the gap between the kth and the (k + 1)st singular values
of J 4+ E. If this gap is large, then the computed singular vectors are close to the
exact singular vectors, and 6 is small. If the gap is small, then the singular vectors
are sensitive and it is difficult to compute them accurately.

We can compare the bound for ||§ — s|| in Theorem 3.2, when J is rank-deficient,
to the bound in Theorem 3.1, where J can have full-rank. We see that the first order
term in Theorem 3.2 contains an additional factor 2n(v)6 that amplifies the nonlinear
residual. This factor reflects the conditioning of J and how well defined the rank
of J is. The comparison of the two bounds shows that when J is rank-deficient the
nonlinear residual affects the accuracy of the step s even more than in the full-rank
case. The influence of the residual is even more amplified by the size of the kth
singular value.

In summary, the step computed by the truncated SVD is affected by the accuracy
of the computed singular vectors, and this, in turn, depends on whether the numerical
rank of J is well defined. If .J is close to a matrix of lower rank, then the step computed
by the truncated SVD may have no accuracy.

3.3. Subset selection. Subset selection chooses k linearly independent columns
J1 from the Jacobian J, and approximates the trial step by

§=wl+Jl ) "I R

This avoids the difficulties of the truncated SVD for several reasons: First, it replaces
a potentially ill-posed problem with a rank-deficient matrix J by a problem with a full
column rank matrix J;. Second, it does not require the computation of potentially
sensitive singular vectors.

Subset selection on the matrix J produces a permutation matrix II, which brings
the k columns J; to the front, i.e., JII = (J; J2). We use the strong rank revealing
QR (SRRQR) algorithm by Gu and Eisenstat [9, Algorithm 4] in the exact version
(with parameter f = 1). This SRRQR algorithm assures, among other things, for the
singular values o;(J1) of J; that

o <o) <o, 1<i<k

VI+EN —k) ~

We assume that the perturbed matrix J + E also has rank at least k£, and that
subset selection brings the same group of & columns to the front, i.e., (J + E)II =
(J1 J2), where J; has k columns. Denote the computed step by

(3.5)

5=l +JLJ) IR

THEOREM 3.3. If the rank of J is k < N, if v > 0, and if the k columns of Jy
are selected by the SRRQR algorithm so that (3.5) holds, then

2]l
+62/(L+k(N —k))

15 =38l < | a@)ls) + 1E],

where

nv) = max 7

—.
51/ 1T R(N—K)<o<a, V T O
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Proof. This follows from applying Theorem 3.1 to the full-rank matrices J; and
J1 + E4, where | E1|| < || E||, and using the bound (3.5). 0

The bound in Theorem 3.3 is, up to factors of /1 + k(N — k), identical to the
one in Theorem 3.1. This means, by applying the Levenberg-Marquardt algorithm
to k specially selected columns we solve a full-rank, well-posed least squares problem
and avoid the computation of potentially sensitive singular vectors. As a result, the
nonlinear residual has less damaging effect on the accuracy of the computed step than
in the rank-deficient case in Theorem 3.2.

We apply subset selection to nonlinear problems by using the permutation matrix
II to prune some of the design parameters. After applying subset selection to the
Jacobian at the initial iterate R'(po), we set

1
p
IIp = ,
P [1”

where p! corresponds to the columns of .J;. We propose fixing the remaining variables
p? to nominal values, as we did in [18], and solving a full-rank nonlinear least squares
problem for p' € R*. We only apply subset selection at the initial iterate, and at the
end of the optimization verify the first k columns of R'II are a well-conditioned M X k
matrix.

4. Numerical examples. The purpose of our experiments is to reproduce, in
the simplest possible framework, the essential conditions of the cardiovascular models
[7, 10, 17, 18] that lead to the failure of the truncated SVD.

To this end, we consider a parameter-dependent system of ordinary differential
equations

(4.1) Y =F(y,p),  v(0)=uyo.

The goal is to approximate the parameter vector p € RY with a least squares fit to
data. The nonlinear least squares problem is to minimize

N~

M
(42) f0) = 5> (G(ti,p) — di)?,
i=1

where §(t;, p) are approximations to the solution of the initial value problem evaluated
at M points in time and {d;} are the data at those time points. We computed g with
the MATLAB ode15s integrator [20]. We manufacture the data vector d by either
solving the initial value problem to very high precision or using an analytic solution,
and then, for some of our examples, applying a random perturbation.

The elements of the residual vector R € RM are R;(p) = §(ti,p) — d;, and we
compute the columns of the Jacobian by computing the sensitivities,

w; = 0y/0p;,  1<j<N.

Here wj is the solution of the initial value problem

oF
w) + Fy(y, k)w; + %(y,p) =0, wy(0) = 0.
j

We can solve for the sensitivities at the same time as we compute y, and thereby
recover the Jacobian with the same accuracy as that of the initial value problem.
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Had we elected to approximate Jacobians with differences, we would have produced
significantly less accurate Jacobians.

We use a Levenberg—Marquardt code [5, 13, 14, 15] to solve the nonlinear least
squares problems. Our implementation enforces simple bound constraints. Our subset
selection algorithm is the strong rank revealing QR algorithm [9, Algorithm 4].

We assign equal relative and absolute error tolerances to ode15s.m,

(4.3) atol = rtol = Tiyp.

The tolerance for the initial value problem determines both the termination criterion
for the nonlinear least squares solver and, most of the time, the number of columns
requested from subset selection. We terminate the least squares iteration when the
Levenberg-Marquardt iterates {pn }n>0 satisfy

(44) V@)l = 1T (a) Rl € 10750 0r  [f(pa) = f(pu—1)| < 1007,
Finally, we request k columns from subset selection, where k is chosen so that
(4.5) Ok+1 < 10Tippo1 < o,

and oy, are the singular values of the initial Jacobian J(po).

Our examples are based on a driven harmonic oscillator. The corresponding
equation is the first order system which is equivalent to the second order initial value
problem

(4.6) my” + ey’ + ky = Asin(wt), y(0) = yo, y'(0) = yp-

Here m is the mass, c is the damping coefficient, and kg is the spring constant. We
integrate the initial value problem from ¢ = 0 to ¢ = 10. The data are samples of the
exact solution at the 100 equally spaced points ¢t = j/10, 1 < j < 100.

4.1. Forced harmonic oscillator: Low resolution. We set A =2 and w =5
in (4.6). This is sufficient to fit the three parameters p = (m ¢ ko)7 if the tolerances
for the integrator are sufficiently tight.

We control the Levenberg-Marquardt iteration and the subset selection algorithm
with (4.4) and (4.5). In this example, however, we set the tolerance for the integrator
we set Tjp = .05. This led to & = 2, and so the Levenberg-Marquardt iteration
without subset selection used a truncated SVD, setting the small singular value o3 to
Zero.

Subset selection with & = 2 picks ¢ and kg as the important variables. Hence
the optimization after subset selection had only two unknowns and the Jacobian was
100 x 2. For the computation using subset selection, we fixed m at its initial value.

We used p* = (1 1 2)7 to generate the data and let py = (1 .5 .2)T as the initial
iterate. The initial iterate is not terribly far from the solution, but the low tolerance
for the integrator will lead to an incorrect computation of the step and cause problems
for both traditional Levenberg—Marquardt and the truncated SVD approach. In this
example the residual is small, but nonzero. The problem is that the error in the
computation of R and R’ is large relative to the smallest singular value.

We plot iteration histories for the truncated SVD approach, the method based on
subset selection, and a basic Levenberg-Marquardt method where all three singular
values are kept. In Figure 4.1 the dashed line is the least squares error and the solid
line is the gradient norm.
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In the far left and far right plots of Figure 4.1 the least squares errors and the
gradient norms decrease for a few iterations and then stagnate because the Levenberg—
Marquardt parameter increased rapidly. The iterations failed to converge and termi-
nated when the Levenberg-Marquardt parameter exceeded 107.

With subset selection and fixing m = 1, on the other hand, the iteration converges
and terminates when the gradient norm falls below 10~2. One can see in the central
plot of Figure 4.1 the rapid decrease in the least squares error. The converged result
for the subset selection algorithm is (1 1.003 2.005)T, which is correct up to the
tolerances in the integrator. One can also see the concavity in the gradient norm
in the terminal phase of the iteration and in the least squares error before the error
stagnates at the (nonzero) residual. These are indicators of the rapid convergence one
expects for a full-rank problem with a small residual.

. Truncated SVD . Subset selection
10 10
—— Gradient Norm
10° E < — — — Least Squares Error N
\ \
~ . 10° \
10? T A
\
\
10’ !
\
\
10°
\
AN
1071 L N o -
107 107
0 5 10 15 0 2 4 6 8
Iterations lterations

F1G. 4.1. Forced oscillator: low resolution.

4.2. Forced harmonic oscillator: Small perturbation in mass. We seek
to identify ¢, kg, and a small perturbation of the mass. Think of a unit mass with a
fly sitting on it; our task is to weigh the fly. In particular, we set m = 1 + 10735,
and seek to find ¢,,,. The purpose of the scaling factor in front of ¢§,, is to ensure
that all parameters have the same order of magnitude. This is standard practice
and not doing it would make the contribution of subset selection unclear. We also
add a redundant parameter by replacing ¢ by a sum c¢; + co. This has the effect of
duplicating a column in the Jacobian and gives subset selection some well-defined
work to do. The resulting parameter vector to be fitted is

p=(0m a1 e ko)T€R4.

The least squares residual R that is a function of p and the original residual R are
related by

R(p) = R(p), where p=(1+10"30, ci+c ko)



SUBSET SELECTION 1265

and therefore,

1072 0 0 0
R'(p) = (103R,, R. R. Ri))=Jp| 0 1 1 0
0 0 0 1

The first column of the Jacobian is small, which indicates that é,, is a difficult param-
eter to resolve. The data come from the exact solution with p* = (1.23 1 0 1)T, but
one should keep in mind that any ¢; and ¢; which sum to one will give the same result.
We perturbed the data componentwise by multiplying each component by 1+ 10~4r,
where r is a uniformly distributed random vector obtained with the MATLAB rand
command. The initial iterate was pop = (0 1 1 .3)T. We set the tolerance for
the integrator to Ti,, = 107% and used the tolerances in (4.4) and (4.5) for the least
squares and subset selection computations.

This is no longer a zero-residual problem, so one would not expect the least squares
error to converge to zero. Without subset selection the result is (.091 .5 .5 .998)7,
and J,, is completely wrong, even though the convergence history indicates rapid
convergence and the iteration terminates with a small gradient norm. In contrast,
subset selection produces (1.28 0 1 1), which is a reasonable fit. The iteration
history is plotted in Figure 4.2. As in the previous section, the dashed line is the
least squares error and the solid line the norm of the gradient. For this example the
basic Levenberg—Marquardt iteration is essentially the same as the method using the
truncated SVD.

In the previous example the advantage of subset selection was convergence speed
and avoiding stagnation. In this example, the convergence is fast for all methods, and
the advantage for the subset selection approach is that we get a much more accurate
result.

Truncated SVD Subset selection

0 5 10 15 0 10 20 30
Iterations Iterations

FiG. 4.2. Forced oscillator: perturbed mass.

REFERENCES

[1] A. BEN-ISRAEL, A Newton-Raphson method for the solution of systems of equations, J. Math.
Anal. Appl., 15 (1966), pp. 243-252.



1266

2]
3]
[4]
[5]
[6]
[7]

(8]

I. C. F. IPSEN, C. T. KELLEY, AND S. R. POPE

P. T. BoGaGS, The convergence of the Ben-Israel iteration for nonlinear least squares problems,
Math. Comp., 30 (1976), pp. 512-522.

S. L. CAMPBELL AND C. D. MEYER, Generalized Inverses of Linear Transformations, Dover
Publications, New York, 1991.

A. R. Conn, N. I. M. GourLD, AND P. L. TOINT, Trust Region Methods, MPS-SIAM Ser.
Optim. 1, STAM, Philadelphia, 2000.

J. E. DENNIS, JR., AND R. B. SCHNABEL, Numerical Methods for Unconstrained Optimization
and Nonlinear Equations, Classics Appl. Math. 16, STAM, Philadelphia, 1996.

P. DEUFLHARD AND G. HEINDL, Affine invariant convergence theorems for Newton’s method
and extensions to related methods, STAM J. Numer. Anal., 16 (1979), pp. 1-10.

L. M. ELLWEIN, S. R. PopE, A. XIE, J. BaTZEL, C. T. KELLEY, AND M. S. OLUFSEN, Modeling
cardiovascular and respiratory dynamics in congestive heart failure, preprint.

G. H. GoLuB AND C. F. VAN LOAN, Matriz Computations, 3rd ed., The Johns Hopkins Uni-
versity Press, Baltimore, MD, 1996.

M. Gu AND S. C. EISENSTAT, Efficient algorithms for computing a strong rank-revealing QR
factorization, SIAM J. Sci. Comput., 17 (1996), pp. 848-869.

T. HELDT, Computational Models of Cardiovascular Response to Orthostatic Stress, Ph.D.
thesis, Massachusetts Institute of Technology, Cambridge, MA, 2004.

1. C. F. IPsEN, Numerical Matriz Analysis, STAM, Philadelphia, 2009.

C. T. KELLEY, [terative Methods for Linear and Nonlinear Equations, Frontiers Appl. Math. 16,
SIAM, Philadelphia, 1995.

C. T. KELLEY, [terative Methods for Optimization, Frontiers Appl. Math. 18, STAM, Philadel-
phia, 1999.

K. LEVENBERG, A method for the solution of certain non-linear problems in least squares,
Quart. Appl. Math., 4 (1944), pp. 164-168.

D. W. MARQUARDT, An algorithm for least squares estimation of nonlinear parameters, STAM

J. Appl. Math., 11 (1963), pp. 431-441.

. M. ORTEGA AND W. C. RHEINBOLDT, [terative Solution of Nonlinear Equations in Several
Variables, Academic Press, New York, 1970.

. POPE, Parameter Identification in Lumped Compartment Cardiorespiratory Models, Ph.D.

thesis, North Carolina State University, Raleigh, NC, 2009.

S. R. Poprg, L. M. ELLWEIN, C. L. ZApraTA, V. Novak, C. T. KELLEY, AND M. S. OLUFSEN,
Estimation and identification of parameters in a lumped cerebrovascular model, Math.
Biosci. Eng., 6 (2009), pp. 93-115.

R. ScHABACK, Convergence analysis of the general Gauss-Newton method, Numer. Math., 46
(1985), pp. 281-309.

L. F. SHAMPINE AND M. W. REICHELT, The MATLAB ODE suite, STAM J. Sci. Comput., 18
(1997), pp. 1-22.

G. W. STEWART, Error and perturbation bounds for subspaces associated with certain eigen-
value problems, SIAM Rev., 15 (1973), pp. 727-764.

G. W. STEWART AND J.-G. SUN, Matriz Perturbation Theory, Academic Press, Boston, 1990.

K. TANABE, Continuous Newton-Raphson method for solving an underdetermined system of

K

(=1

wn

nonlinear equations, Nonlinear Analysis, TMA, 3 (1979), pp. 493-501.

. TANABE, Global analysis of continuous analogs of the Levenberg-Marquardt and Newton-
Raphson methods for solving nonlinear equations, Ann. Inst. Statist. Math., 37 (1985),
pp. 189-203.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


