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Part Vllla: Eigenvalue Problems

Eigenvalue Proble

Problem: x and X so that

Ax = \x

m Sometimes you want them all,

m sometimes the largest or smallest,

m sometimes the ones nearest your favorite A,
m...

All norms are £2 in this part of the course.
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Power Method for Largest Eigenvalue

We have been here before
AnXO
Xp=— ——

Ao

10 0
SOy

This is unstable as

illustrates.
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Power Method done right

AXnfl
Xp= ——
([ Axp—1]]
Claim: In exact arithmetic it's the same iteration.

Proof: Either way gives you the unit vector in the direction A"xg.
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Part Vllla: Eigenvalue Problems

PM Implementation

X = Xo
while not happy do
y = Ax
x < y/lyll
u=x"Ax
end while
Termination?

B |y — fp—1| small

m ||AX, — finXp]|| small

©C. T. Kelley, I. C. F. Ipsen, 2016 Part Vllla: Eigenvalue Problems MA 580, Fall 2016 5/70



So what do you get?

Let's try it with

So

and it goes on ...
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Convergence

. — 1 10"\ 1
"y \ 1) \10")’

which is what you need and deserve.

What kind of things do we need to assume for this?
How about no Jordan blocks?
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Part Vllla: Eigenvalue Problems

Convergence of the Power Method: |

Assumptions:
m A is diagonalizable.

m A has N linearly independent unit eigenvectors {v;}
m with corresponding eigenvalues {\;}.

N
i=1

A < Ao <o < An—a] < A
m The largest eigenvalue in absolute value has geometric
multiplicity one.
H X = vazl a;v; with apy 75 0.

m {x,} are the power method iterations.
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Part Vllla: Eigenvalue Problems

Convergence of the Power Method: Il

Conclusions:

m The convergence rate to the eigen-manifold is r-linear
n)

)
n)

m Here, of course {v | Av = A\yv} = {£vp},but watch out for
multiplicity later

AN-1
AN

AV:)\N

min ||x, —v|| =0 <
v

AN-1
N

,un:anAx,,:)\N—i—O(

m as is the convergence to the eigenvalue,
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Part Vllla: Eigenvalue Problems

Since
N
Xg = Za;vi and ay # 0
i=1

we have

N-1
AnXO OéN/\r/(/VN + Zi:l )\?a,-v,-

Y,
= anAR ("N + 3 anam a,v,)

The sum is small relative to the rest because . ..
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Part Vllla: Eigenvalue Problems

H ZI_V—l )\7 v >\an1 ZN—l |Oé |
i=1 OzNA"N i - OéN/\’,(I i=1 !
AN-_1 Av—1]”
N =0
< 2 Al = 0 (%2

So...
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Part Vllla: Eigenvalue Problems

)\ _ n
A%y = anyAy (VN + 0 (‘ N-1 )>
AN
and hence
)\ _ n
A0 = an Al (1 +0 (‘ N-1 >>
AN
Set AL
wy = |ZN>\ ’VN = sign(an Ay )V
to get ...
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Part Vllla: Eigenvalue Problems

Proof: IV

Av—t|"
wy + O BV \ n
Xp = )\ Nn :WN—FO(’ ;\Vil >
1+O<"V‘1 ) N
AN

So, we're halfway there since

. )\N—l
m — < —w| =0
Av:”)"\v ”Xn VH - ||xn ” <‘ AN

)
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Part Vllla: Eigenvalue Problems

The eigenvalue estimate is easy at this point. Set
X, =W-+e

then
AN-1

)

pin=wTAw + O(|le]) = A + O (‘

If A is symmetric, there's more.
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Rayleigh Quotients

Definition: Given a real symmetric A and x € RV, the Rayleigh

quotient
xTAx xTAx

r(x,A):sz.

If Aw = Aw, the r(w,A) = A
What's Taylor’s theorem look like near an eigenvector?
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Taylor for scalar functions

Since r is a scalar, the conventional way to do this is
r(x,A) = r(w,A) + Vr(w,A)T(x —w)+ ...
where
Vr(x,A) = (Or(x,A)/dxi,...,0r(x,A)/dxy)"

Remember: for scalar functions, the gradient is the transpose of
the Jacobian.
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Differentiability

If ||w]| # O then r is infinitely differentiable with respect to x, so
r(x,A) = r(w,A)+ Vr(w,A)T(x —w)+ O(]|x — wl|?)
= A+ Vr(w,A)"(x —w) 4+ O(]x — wl?).

Time to compute Vr(w, A) when Aw = Aw.
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Part Vllla: Eigenvalue Problems

Begin with
Zﬁ,zl Xk akiX|
[[x]|2

Use the quotient rule and 9; = 9/90x; to get

r(x,A) =

Oi(xTAx)xTx — (xT Ax)9;(x T x)
1

Oir(x,A) =

The denominator is non-zero. Time to check out the numerator . ..
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Part Vllla: Eigenvalue Problems

Use A =AT to get

ai(XTAX) = 8,' ZLV,/:1 Xk Akl X|

- ZkN,lzl aix| + xkaki = 2(Ax);

Clearl
’ (9,'X TX = 2X,'

SO ...

@©C. T. Kelley, I. C. F. Ipsen, 2016 Part Vllla: Eigenvalue Problems MA 580, Fall 2016



Part Vllla: Eigenvalue Problems

0,-: [

Oi(xTAX)xTx — (xTAx)0;(x"x) = 2(Ax);x"x — (xT Ax)2x;
2(xTx)((Ax); — r(x)x;)
So

Vr(x,A) = szX(Ax — r(x, A)x)
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Part Vllla: Eigenvalue Problems

Plug in w for which
Aw = \w, [|w|| =1, and r(x,A) = A

and get
Vr(w,A) =2(Aw — \w) = 0!

So, back to Taylor and

r(x,A) = A+ O(|lx — w]*)
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As for the power method

So, for real, symmetric A, we get

AN—
Mn:XIAxn:)\N‘FO(‘ N1

O< n>.

as we got in the general case.

)

instead of
AN-1
AN
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Part Vllla: Eigenvalue Problems

Inverse Power Method (IPM)

To find the smallest eigenvector, apply PM to A1

. — A’lx,,_l _ (Ail)nXO
" AT ]l [[(AT) o

! A
):)\1_1+O<)\1
2

u,,:x,-,rAx:)\l—i—O(

You'd expect

- xl
fin = X Ax)\l—i—O T

1

which means that

and you'd be right.
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IiﬁiiiﬁiIIIIIIIIIIIIIIIIIIIII
IPM Implementation

X = Xp

Factor A= LU

while not happy do
Solve LUy = x

x < y/llyll
A =xT Ax
end while
Termination?
m |\, — A\p_1| small

m |Ax, — A\pXp|| small
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Convergence of IPM

Assumptions:

m A is diagonalizable.
m A has N linearly independent unit eigenvectors {v,-},N=1

m with corresponding eigenvalues {\;}.

[A] < [Ao| <o < Anza] < A

m The smallest eigenvalue in absolute value has geometric
multiplicity one.
H X = vazl a;v; with ag 75 0.
m {x,} are the inverse power method iterations.
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Part Vllla: Eigenvalue Problems

Conclusions:

m The convergence rate to the eigen-manifold is r-linear

N
)

Eigenvalue convergence is twice as fast if A is symmetric.

M

min ||x, —v|| = O < "

Av=\1v

m as is the convergence to the eigenvalue,

A
Mn:sz—AXn:)\l‘i‘O(l
A2
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Shifted Power Method

Find eigenvalue nearest A; (the shift)
Method: Apply IPM to A — X\l

(A — )\t)_lxn_l
I(A = Ae)~Txn—1]|

Xp =

Assumptions:

‘)\k - )\t’ < ‘)\[ — At‘ S ‘)\, — )\t’ for all I# k, /.

)

Then, given the other things,

)\k—)\t
)\/—)\t

Mn:anAxn:)\k—FO(‘
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Simple Example

1 1 10
V=—101 1] and D=
V2 1 01

Cook the books so that
A =VDV~ L

A is diagonalizable, not symmetric, and the eigenvalues are 10,5, 1.

©C. T. Kelley, I. C. F. Ipsen, 2016 Part Vllla: Eigenvalue Problems MA 580, Fall 2016 28 /70



What to expect

We find the
m Largest eigenvalue (PM)
expected convergence rate = 5/10 = .5
m Smallest eigenvalue (IPM)
expected convergence rate = 1/5 = .2
m Nearest eigenvalue to A\ = 4 (SPM)
expected convergence rate = |5 —4|/|1 — 4| =1/3
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Showtime!

PM IPM SPM
|en — A3|  ratio | |un — A1] ratio | |un — A2| ratio
1.77e+00 8.98e-01 8.18e-01

7.55e-01 0.43 | 1.28e-01 0.14 | 1.70e-01 0.21
3.47e-01 0.46 | 2.06e-02 0.16 | 8.28e-02 0.49
1.65e-01 0.48 | 3.66e-03 0.18 | 2.31e-02 0.28
8.05e-02  0.49 | 6.85e-04 0.19 | 8.52e-03 0.37
3.97e-02 049 | 1.33e-04 0.19 | 2.69e-03 0.32
1.97e-02 0.50 | 2.61e-05 0.20 | 9.23e-04 0.34
90.80e-03  0.50 | 5.17e-06 0.20 | 3.03e-04 0.33
4.89e-03 0.50 | 1.03e-06 0.20 | 1.02e-04 0.34
2.44e-03 050 | 2.05e-07 0.20 | 3.38e-05 0.33
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Symmetric Case

10 0 O
A=D=|0 5 0
0 01

Same computation.

m Largest eigenvalue (PM)
expected convergence rate = (5/10)? = .25

m Smallest eigenvalue (IPM)
expected convergence rate = 1/25 = .04

m Nearest eigenvalue to A\; = 4 (SPM)
expected convergence rate = |5 — 4[2/|1 — 42 =1/9
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Part Vllla: Eigenvalue Problems

Don't take my word for anything.

PM IPM SPM
|en — A3|  ratio | |un — A1] ratio | |un — A2| ratio
1.06e+-00 2.38e-01 2.68e-01

2.95e-01 0.28 | 7.29e-03 0.03 | 4.49e-02 0.17
7.69e-02 0.26 | 2.65e-04 0.04 | 5.37e-03 0.12
1.95e-02 0.25 | 1.03e-05 0.04 | 6.07e-04 0.11
4.88e-03 0.25 | 4.10e-07 0.04 | 6.77e-05 0.11
1.22e-03  0.25 | 1.64e-08 0.04 | 7.52e-06 0.11
3.05e-04 0.25 | 6.55e-10 0.04 | 8.36e-07 0.11
7.63e-05 0.25 | 2.62e-11  0.04 | 9.29e-08 0.11
1.91e-05 0.25 | 1.05e-12 0.04 | 1.03e-08 0.11
4.77e-06 0.25 | 4.22e-14 0.04 | 1.15e-09 0.11
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High Geometric Multiplicity

How about
10 0 O 1
A=|[0 10 0] andxg=|(1]7
0 0 1 1
You can see this coming
10" 1
An
A%y = [ 10" | sox, = nXO =|1]+0(107")
1 | A"xo| 0

is pretty close to something in {v|Av = 10v}

©C. T. Kelley, I. C. F. Ipsen, 2016 Part Vllla: Eigenvalue Problems MA 580, Fall 2016 33 /70



Convergence of PM

Assume:
m A is diagonalizable (basis of eigenvectors)

m There are K distinct eigenvalues

A1l <0 <Ak

Then everything looks almost the same ...
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Convergence for high multiplicity

Conclusions: If xo does the right thing (more later)

m The convergence rate to the eigen-manifold is r-linear

Y
)

And the symmetric case does better for the eigenvalue.

AK-1
AK

min ||x, —v| =0 <
Vv

Av=)k

m as is the convergence to the eigenvalue,

AKk-1

u,,:anAx,,:)\K+O<
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Analysis for high multiplicity

Let
M ={v|Av = \v} for 1 < k< K

Let My have dimension Ny. So

ZNk:N

because A is diagonalizable.
Linear independence implies that xg has a unique expansion

K
Xg = Za,-v,- where v; € M; and ||v;|| = 1.
i=1
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Part Vllla: Eigenvalue Problems

Analysis: I

So if ax # 0, then

AKk-1
Ak

A"Xo = /\”KaK <VK +0 <‘

))

So now we can proceed just like before. We get
)

so the sequence {x,} approaches M, but does so in an
Xo-dependent way.

AKk-1
AK

Xp — sign(Axak)vk = O (’

©C. T. Kelley, I. C. F. Ipsen, 2016 Part Vllla: Eigenvalue Problems MA 580, Fall 2016 37 /70



Experiment for you to do

Use
10 0 O
D=|0 10 O
0 0 1

and two different choices of xq

1 1
xo=|0] andxg= 11
1 3

What is lim x,, for each choice? Does the final component of xg
make any difference?

38 / 70
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Part Vllla: Eigenvalue Problems

But Tim, does high multiplicity have anything to do with

me?

Recall that the eigenfunctions of
2
—— on [0, 1] with zero boundary conditions
dx
are, forn=1,2,...

un(x) = V2sin(nmx) with eigenvalues \, = n’x?

In two space dimensions you get ...
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Laplacian in 2D

9?2 H?
o + Tﬁ)u(x’y) = Au(x,y), for 0 < x,y < 1,

V2u(x,y) = (
subject to
u(0,y) = u(x,0) = u(l,y) = u(x,1) = 0.
Plug in to see that

Um,n(Xv)/) = Um(X)Un()/), )\m,n = (m2 + n2)7r2

are eigenfunction/eigenvalue pairs.
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Managing the 2D to 1D map

x=h:h:1-h; x=x’; y=x;
lambda=(m*m*pi*pi+n*n*xpi*pi) ;
U=2*sin(m*pi*x)*sin(n*pix*y) ’;
u=reshape(U,N"2,1);
D2=12d(n) ;

r=(u’*D2*u) /(u’*u);
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Part Vllla: Eigenvalue Problems

m=2,n=4

R
R
Wi

o ALY

o DI

i AR

g

A

u
TR
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IIiiiIiiiiiiiiiiilIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
Applying IPM

D2=12d(n) ;

L=chol (A,’lower’) ;

x=ones (n*n,1) ;

while not happy
w=L’>\(L\x);
x=w/norm (w) ;

end
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Part Vllla: Eigenvalue Problems

Sanity Check: h=1/(n+1); N = n?

m D2 is symmetric, so convergence rate should be

M\ 2\ o,
Ao ~\ 572 o

m A\i(h) = A1+ O(h?)
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Convergence for n = 63

A =272 ||Ax— x| |Ap— A,_1] ratio
8.95e-01  3.74e-01 2.06e+01

2.52e-02  4.98e-02 8.70e-01 4.22e-02
2.83e-03  1.15e-02 2.80e-02 3.22e-02
3.92e-03  2.47e-03 1.09e-03 3.89e-02
3.96e-03  5.12e-04 4.35e-05 3.99e-02
3.96e-03  1.04e-04 1.74e-06 4.01e-02
3.96e-03  2.10e-05 6.98e-08 4.01e-02
3.96e-03  4.23e-06 2.80e-09 4.01e-02
3.96e-03  8.48e-07 1.12e-10 4.01e-02
3.96e-03  1.70e-07 4.44e-12 3.95e-02
3.96e-03  3.41e-08 1.81e-13 4.08e-02
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A(h) = AL + O(K)?

Running from n =15 to n = 511.

N A — 27| ratio

15  6.33e-02  0.00e+00
31 1.58e-02 2.50e-01
63  3.96e-03 2.50e-01
127 9.91e-04 2.50e-01
255 2.48e-04  2.50e-01
511 6.19e-05 2.50e-01
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More eigenvalues?

Table of Amn/m2. m # n means multiplicity > 2.
Aa2/A33 = .94 is not small at all.

m | n | Apn/72
1|1 2
1|2 5
2|2 8
311 10
312 13
4 |1 17
313 18
214 20
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Problems with more evals.

m D, — Al is not spd

m Can't use Cholesky.
m Your options are LDL or LU.
m I'll use LU because it's simpler.

m Eigenvalues can be relatively close to each other.
m Poor convergence for SPM?
m Experiment: Ay 1 = 572 with A\; = 50
expected convergence rate

21 — 500 4
L ~ 4.6 x 10
<\m 50| *
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SPM: X1 = 572 with SPM, A\, = 50, n = 63

A =572 ||Ax—Xx|| |\, —A,_1| ratio

2.27e+01  6.05e-01 2.66e+01 2.66e-+00
2.70e4+-01 6.17e-01 4.32e4-00 1.62e-01
2.86e+-01 3.44e-01 1.56e+00 3.60e-01
2.92e+01 2.55e-01 6.17e-01 3.96e-01
2.95e+01 1.49e-01 2.42e-01 3.93e-01
2.96e+01  9.80e-02 9.46e-02 3.90e-01
2.96e+01  5.93e-02 3.67e-02 3.88e-01
2.94e+01 9.56e-02 2.27e-01 6.19e4-00
1.77e4+00 2.30e-01 2.76e+01 1.21e+02
3.46e-02  5.27e-03 1.73e4-00 6.28e-02
3.37e-02  1.18e-04 9.44e-04 5.45e-04
3.37e-02  2.69e-06 4.85e-07 5.13e-04
3.37e-02  6.06e-08 2.49e-10 5.13e-04
3.37e-02  1.38e-09 2.84e-14 1.14e-04
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Part Vllla: Eigenvalue Problems

m Results ok, but
B convergence rate stabilizes late
m poor performance early

m and it can get worse . ..
m Mg = 1772, \ = 167
expected convergence rate

Aag —167)\ o7
A33—167])
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Part Vllla: Eigenvalue Problems

SPM: \g1 = 1772 with SPM, \; = 167, n = 255

A —177%]  ||JAx — Ax|]|  |[Ap — Ap_1| ratio

3.68e+01 6.51e-01 1.31e+02 1.31e+01
8.79¢+00 9.00e-02 4.56e401 3.486-01
9.83e4-00 9.36e-03 1.04e4-00 2.28e-02
9.85e+00 2.29e-03 2.01e-02 1.93e-02
9.85¢+00 2.65¢-04 4.67e-04 2.32e-02
9.85e4-00 5.72¢-05 1.13e-05 2.43e-02
9.85e4-00 7.37e-06 2.76e-07 2.44e-02
9.85e4-00 6.76e-06 3.57¢-08 1.29e-01
9.85e+4-00 8.71e-05 8.50e-06 2.38e+402
9.85e+4-00 1.23e-03 1.70e-03 2.00e+-02
9.52e+4-00 1.72e-02 3.29e-01 1.94e+02
1.21e+00 3.18e-02 8.31e+4-00 2.52e+01
2.47e-02 2.11e-03 1.24e+00 1.49e-01
3.18e-02 1.47e-04 7.07e-03 5.71e-03
3.18e-02 1.03e-05 3.54e-05 5.00e-03
3.18e-02 7.31e-07 1.77e-07 4.99e-03
3.18e-02 5.17e-08 8.84e-10 5.01e-03
3.18e-02 3.65e-09 5.12e-12 5.79e-03
3.18e-02 2.60e-10 1.11e-12 2.17e-01
3.18e-02 2.27e-11 1.36e-12 1.23e+00
3.18e-02 2.13e-11 1.25e-12 9.17e-01
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Part Vllla: Eigenvalue Problems

Another free lunch: Rayleigh Quotient Iteration (RQI)

This is for real symmetric A.
X = Xo; b = At
while not happy do
Solve (A — ul)y = x
x < y/lyll
pw=x"Ax
end while
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Part Vllla: Eigenvalue Problems

Convergence

RQI converges for almost every xg. The limiting convergence rate
is locally cubic. If ux — X for some A € o(A) then, for k
sufficiently large

k1 — Al = Ok — AP?)

and

. _ _ O . _ 3 )
A\I”;')(‘NVHXk—H v|| (Avn;IAanllxk v[])
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RQI Proof: |

We may assume A is diagonal without loss of generality. Since
A = UAUT with U orthogonal

We have

xTUApTx

T
(A—HI): U(/\—,LLI)U y and r(X,A) = m

= r(z,N)
where z = UTx.

Hence we may replace x and y by z=U"x and w = ;. "y and get
an equivalent iteration for A — A
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Part Vllla: Eigenvalue Problems

Proof: Il

Track the iteration
W1 = (A = r(zi, )71z,

Suppose (no loss of generality):
m Our target eigenvalue is \1.
B — Ap,

m z, — e, the corresponding eigenvector.
This means that A\; > 0 so we don't have + bookkeeping.

To make life simple, | will assume that Aq is simple.
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Keeping Score

Let
2z, = e; +dg and ||dk|| = €)

We already proved that
r(zk,/\) =M+ O(sz — 61H2) =X\ + O(Gi)

We seek to show that €41 = O(e3).
Z) is a unit vector, so

1=z]z=1+2e]d;+d]dy =1+2ds; + €&

So the first component of dy is —¢2 /2.
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Chasing w

By the formula

1+da dyi )T
N N

D7

Wi = (A =)tz = (

1—€2/2 dyi
A= =

1-€)2

= er+d
)\1_,U«k(l )

=
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Estimating the parts

Since px = A1 + O(€2) we have

oy — 176§/2:
A1 — [k

The error vector d looks like

dyi/ Pk T .3
(07.”’7)\1-—#,,("‘.) —O(Ek)

because ||dx|| = ex and px = O(€2).
Normalize and that's it.
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Cubic convergence is fast: 2D Laplacian

At =20, n =100

fik Ik — pue—1] [|AX — pix|[og
2.00e+-01 2.04e+04
1.97e+01 2.62e-01 3.20e-03
1.97e+01 2.38e-04 8.34e-09

m If you try one more iteration, Matlab complains about a
singular matrix.

m If you do it, you'll get a better vector.

m Your value is as good as it'll get.
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Some facts

m Cubic is real fast. Terminate when

|Ax — x| = O(e2,)

mach

or risk whining from Matlab.
m You must do a factorization of A — ul at each iteration.

m The near singularity of A — ul is not a big deal.
You're only after the direction.
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Part Vllla: Eigenvalue Problems

RQI: Ay = 572 with SPM, \; =50, n = 63

xo=(1,1,...,1)".

This is embarrassing! What went wrong?
[k [k — pr—1]  [[AX — pix]|
5.00e+01 1.00e+00 8.14e+03
2.66e+01 2.34e+01 6.05e-01
1.98e4+01 6.83e+00 8.59e-02
1.97e+01 6.30e-02 7.34e-05
1.97e4+01 4.00e-08 1.3%-13
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A couple bandaids

m )\, =49, 572 = 49.35

m Xg random

[k Ik — pue—1] [|AX — pix|[og
4.90e+01 1.00e+00 1.37e+04
4.07e+01 8.33e+00 7.84e-01
4.68e+01 6.17e+00 3.25e-01
4.93e+01 2.45e+00 2.28e-02
4.93e+01 2.28e-02 2.14e-05
4.93e+01 1.37e-08 1.70e-13
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RQI: A1 = 1772, A, = 167, n = 255

Yee-Hah! 1772 = 167.78, 1872 = 177.65
[tk [k — pr—1]  [[AX — x|
1.67e+02 1.00e+00  2.33e+05
1.42e+02 2.55e+01  7.78e-01
1.62e4+02 2.05e+01  2.21e-01
1.68e+02 6.45e+00  4.21e-02
1.68e4+02 6.66e-01 1.95e-03
1.68e+02 4.50e-03 7.65e-07
1.68e+02 9.40e-10 9.40e-13

©C. T. Kelley, I. C. F. Ipsen, 2016 Part Vllla: Eigenvalue Problems MA 580, Fall 2016 65 / 70



Part Vllla: Eigenvalue Problems

Can you get a basis for the eigen-manifold?

How's this sound?

m Solve the problem to get A and u

m Use a random xg with is orthogonal to u
x0=rand(N,1); x0 = x0 - (u’*x0)*u;

m and it was much better to orthogonalize twice.

m Solve it again.

What should A; be for the second solve?
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Part Vllla: Eigenvalue Problems

So | did it with A4 1, and A\; = fifina

The second solve said

Warning: Matrix is close to singular or badly scaled.
Results may be inaccurate. RCOND = 8.862787e-22.
> In rqi at 15

In high_mult at 10

but | got something anyhow
[k [k — pr—1|  [[AX — x|
1.68e+02 1.00e+00 2.43e+05
1.68e+02 7.11e-13 6.52e-10
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Part Vllla: Eigenvalue Problems

m | got two linearly independent eigenvectors,
m which were kinda orthogonal u/ u = .005,
m and were not the eigenvectors you derive by hand.

m If you only orthogonalize once, u1Tu2 ~ .99
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First eigenvector

ul
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Second eigenvector

u2
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